A numerical solution for the non-linear boundary value problem of elasto-plastic bending plate by means of finite difference method is proposed. Test functions, as defined along this work, are employed for verifying the applicability of the computer program. Accuracy of the approximate solutions is demonstrated through the numerical examples.
Introduction
Biharmonic equation plays an important role in different scientific disciplines, but it is difficult to solve due to the existing fourth order derivatives. They arise in several areas of mechanics such as two dimensional theory of elasticity and the deformation of elastic and elasto-plastic plates [1, 2] . Various approaches for the numerical solution of biharmonic equation have been considered in the literature over several decades. But these kind of problems are usually obtained through the use of finite element method which requires the use of nonphysical dissipation. However, the finite element solution is not as stable as the finite difference solution which has not only the ease of grid generation but also dissipative character.
A general variational approach has been constructed by Hasanov [3] for solving the non-linear bending problem of elasto-plastic plate by using monotone operator theory. In this work existence of the weak solution of the non-linear problem in 2 (Ω) Sobolev space is given and by using finite difference method numerical solution for linear bending problems with various boundary conditions is obtained.
Plate structures are most commonly encountered in analyzing engineering structures. In recent years, considerable attempts have been made in the development of numerical methods for the analysis of solid mechanics problems. The elasto-plastic behavior of plates has been analyzed by several numerical methods such as the finite element [4, 5] , boundary element [6, 7] , finite strip [8, 9] , meshless based methods [10, 11] and the others.
The essential purpose of this study is to obtain a numerical solution for the non-linear biharmonic equation for elasto-plastic bending plate with different boundary conditions by using finite difference method.
The paper is organized as follows. In section 2 the mathematical model and governing equations for the non-linear bending problems are represented. In section 3 finite difference approximation of the problem is derived. In section 4 by using a test function applicability of the finite difference method which has been carried out in Matlab is shown and the numerical algorithm and examples related to the non-linear problem are considered. In section 5 conclusions are given.
The mathematical model and governing equations
In this paper, bending problem of the plate which is tailored with an elasto-plastic and homogeneously isotropic incompressible features is studied. For simplicity, the plate is supposed to be rectangular. The basic plate equations contain no such shape restriction, but solutions are most easily determined for rectangular plates and circular plates. It is assumed that the plate with thickness is placed to the coordinate system 1 2 3 such that the middle surface of the plate is located in 1 2 plane. The plate is supposed to be in equilibrium under the action of the loads applied on the upper surface of the plate in the 3 axis direction while its lower surface is free. It is known from the deformation theory of plasticity that [12, 13] as = ( ) is the deflection of a point ∈ Ω on the middle surface of the plate, which is placed in the region Ω = {( 1 , 2 ) ∈ 2 : 0 ≤ ≤ , = 1,2} , satisfies the following nonlinear biharmonic equation: where is the unit outward normal to the boundary Ω. Corresponding to Kachanov's model of elasto-plastic deformation theory for isotropic homogeneous deformable materials the relation between deviations of the stress = { } and the deformation = { } , = 1, 2, 3 is described by the Hencky relation [12, 13] :
Consequently, the relationship between the intensities of the shear stress ̅ = (0.5 ) With the aid of [15] , the dependent variable = ( ) is expressed as: Taking into account that ̅ = ̅ (Γ 2 ) and Γ 2 = 4 3 2 2 , instead of ̅ (Γ 2 ), a new function depending only on 2 is determined as in [15] ( 2 ) = 12
where the function = ( 2 ) describes the elasto-plastic behaviour of a deformable plate and is called modulus of plasticity. This function is defined as
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where 0 ≥ 0 is the elasticity limit and ∈ (0,1) is the strength hardening parameter. For pure elastic bending, i.e. when ≤ 0 , this is a constant function, ( 2 ) = . Here = (2(1 + )) ⁄ is the modulus of rigidity. > 0 is Young's modulus and > 0 is Poisson's ratio. According to the deformation theory of plasticity the coefficient = ( 2 ) in the nonlinear bending equation (2.1) satisfies the following bounds [13, 14, 15, 16 ] :
are positive constants. Consequently, the given relation ̅ = ̅ (Γ 2 ) Γ takes the form = ( 2 ) (2.11) It is known from deformation theory that 1 , 2 are bending and 12 is twisting moments and they can be presented as [14] :
( 2 ) ( 
The Numerical Scheme
To apply any numerical method gaining the solution of the nonlinear bending problem a linearization process is required to be performed. The iteration scheme given in [3] 
Numerical solution of non-linear biharmonic equation
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By using a modification of Samarskii-Andreev finite difference scheme [17] we obtain the most appropriate approximation of the non-linear bending equation (2.1): 3) is the finite difference approximation of the effective value of the plate curvature ( ). In (3.2) we use standard finite difference notations, so that ( ), ∈ Ω ℎ is a mesh function: ( ) = ( ) = , and
⁄ . After repeating the process for corresponding boundary condition, the finite difference approximation of the linearized problem (3.1) i.e. the discrete problem is obtained. Let ( ) be the solution of the nonlinear problem (2.1)-(2.2) (or 2.3), ( ) ( ) be the solution of the linearized problem (3.1)-(2.2) (or 2.3) and ( ) be the solution of the discrete problem. In order to find the order of approximation of the finite difference scheme (3.2) for each = 1, 2, 3, … we have
Numerical Results
The first series of the numerical experiments is conducted to verify the accuracy of the finite difference scheme of the discrete equation ( 
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Here is called the approximation number and is calculated by the formula
where (1) , (2) are the size of consecutive meshes, (
) and ( (2) ) are absolute errors for the corresponding meshes. Since the approximation error of the finite difference scheme is (ℎ 2 ), is expected to be 2 and it is obtained roughly 2. The results indicate that the accuracy is well. The finite difference method is efficient to deal with the problem. When we analyze Table 1 we see that for the test function (4.1) which is satisfying clamped boundary condition on the boundary, while the maximum relative error of the approximate solution for the case ( 1 , 2 ) = 1 + 2 is found % 1.12 , it is obtained % 0.43 for = ( 2 ( )) for the mesh of 21 x 21. In Fig.1(a) -(b) the graphics of the approximate solutions for the test function (4.1) are presented for ( 1 , 2 ) = 1 + 2 and = ( 2 ( )) respectively. Similarly, when the absolute and relative errors which are obtained by using the test function (4.2) are analyzed, for ( 1 , 2 ) = 1 + 2 the relative error of the numerical solution is % 0.06 and it is obtained of % 0.26 for the nonlinear case. That means the finite difference scheme that is obtained for finding the approximate solution of the nonlinear problem is applicable. In addition, when the table given above is examined further, we deduce that as the mesh size increases the absolute and the relative errors decrease. Next, real implementation problems which satisfy various boundary conditions are discussed and the maximal deflections occurred on the surface of the bending plate are compared. The geometrical and physical parameters given in Table 2 are used for all examples considered below. 
Example 1:
A load is applied at the central and four symmetric neighboring nodes of the elasto-plastic plate which has the geometric and physical properties given in Table 2 . For different initial approaches iteration number for obtaining numerical solution is derived. The results for clamped and simply supported boundary conditions are given in Table 3 . Example 2: It is assumed that a load ( ) is applied at the central and four symmetric neighbouring nodes of the elasto-plastic plate which has the geometric and physical properties given in Table 2 . The intensity of the applied load is = 320 [ ]. For the initial approach (0) ( 1 , 2 ) = 1 2 + 2 and with the accuracy = 0.001 the numerical solution of the nonlinear problem is obtained. For the case which clamped boundary condition (2.2) is satisfied on the whole boundary, the graph of the bending surface of the plate is given in Fig.2(a) and when the simply supported boundary condition (2.3) is satisfied the bending surface graph of the plate is given in Fig.2(b) . When the clamped boundary condition is satisfied, the approximate solution of the problem, corresponding to the given value of the load is reached after = 25 iterations, while the simply supported boundary condition is satisfied the approximate solution is found for = 28 iterations. which satisfy simply supported boundary condition is more than the deflection of the plate satisfying clamped boundary condition is obtained.
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Example 3: An elasto-plastic plate which has the geometric and physical properties given in Table 2 are taken and for the increasing values of the intensity of the load applied at the central point of the plate which has clamped and simply supported boundary respectively. The maximal value of deflection and 2 ( ) values corresponding to these deflections are observed (Table 4 ). there will arise plastic deformations and for all ( ) < 3 the deformations will be elastic. Similarly, when the same applications are made for a plate satisfying simply supported boundary condition, the load to be applied for the last elastic state is 260.2[ ] and 2 ( ) = 2.1 = 0 2 .If the applied load is less than 260.2 [ ] elastic deformation occurs i.e. when the effect of the applied load is removed the bending plate returns to the its initial shape. If the intensity of the applied load ( ) > 260.2[ ] then when the load is removed the trace of deformation remains on the plate. Relation between the intensity of the loads and maximal deflections for the plate satisfying clamped and simply supported boundary conditions is given in Fig. 3(a) . Additionally, for this implementation problem it is observed that as the intensity of the applied load increase the deflection of the bending plate increase. Example 4: An elasto-plastic plate which has the geometric and physical properties given in Table 2 is taken and loads of different intensities are applied at the central and four symmetric neighbouring nodes of the plate. When the plate thickness is changed the change in deformation is observed for the clamped boundary condition (Table 5 ). Table 5 is analyzed we see that, when thickness of the plate increases the maximal deflection decreases whatever the force is ( Fig. 3(b) ).
Example 5:
We take an elasto-plastic plate satisfying only the geometric properties given in Table 2 . This plate is assumed to be made of rigid and soft materials respectively. For changing values of the strength hardening parameter , the maximal deflections on the surface of the bending plate for different boundary conditions are obtained and results are given in Table 6 and for rigid and soft materials respectively. From Table 6 we deduce that the smaller strength hardening parameter , the less deflection on the surface of the plate. Because as decreases, the rigidity of the material increases. Numerical examples indicate that the finite difference method possesses no numerical difficulty in the analysis of the elasto-plastic problem of the plate.
Conclusions
We obtained a numerical solution for the boundary value problem related to the fourth order nonlinear PDE for a bending plate by using finite difference method with various boundary conditions. The results given in the computational experiments have interesting aspects from both mathematical and engineering points of view. The presented numerical examples show the effectiveness of the given approach.
